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The model of Machian space quanta is applied to the dark matter problem in galaxy clusters.
Machian space quanta are able to solve the missing mass problem if all the mass of a space quantum
is assumed to be in the Machian strings.
PACS numbers:
I. INTRODUCTION
A galaxy cluster consists of a few thousand galaxies
held together by gravity. Early measurements of the
velocities of individual galaxies in the Coma cluster [1]
suggested that the amount of matter needed to hold the
galaxies together, assuming Newtonian gravity, is hun-
dreds of times larger than the amount of visible matter
in the galaxies. X-ray studies later revealed the presence
of large amounts of intergalactic gas, with a mass some
ten times larger than the mass in the galaxies [2], but
the total baryonic mass in the cluster is still an order of
magnitude smaller than required by Newtonian gravity.
It is well known that the missing mass problem for
a single galaxy may be solved by postulating a simple
modification to Newton’s law of gravity [3, 4], known
as MOND, in which the gravitational acceleration is
changed from a 1/r2 law to a 1/r law when the acceler-
ation is smaller than than a certain critical acceleration
a0 ≈ 1.2 × 10−10m/s2. Unfortunately, MOND does not
solve the missing mass problem in galaxy clusters. In the
Coma cluster, for example, the gravitational acceleration
needed to hold the cluster together is of order a0 but the
gravitational acceleration in MOND has a maximum of
about 0.3a0, which is three times too small.
In systems of interacting galaxy clusters, such as the
famous bullet cluster [5], the centres of the galaxy and
gas distributions may become separated and a more fun-
damental problem is then revealed. In a modified gravity
theory such as MOND, which simply gives an enhance-
ment of the existing Newtonian gravitational field, the
gravitational mass distribution is necessarily centred on
the dominant mass component in the system, namely the
gas. However, gravitational lensing studies clearly show
that the gravitational mass distribution is actually cen-
tred on the galaxies. The bullet cluster system cannot
be understood using a simple modification of Newtonian
gravity and is often cited as definitive evidence for the
existence of dark matter.
In a recent paper [6], a new approach to modified grav-
ity was suggested based on the idea that elementary par-
ticles are not point particles but are, in fact, Machian
space quanta with the size of the observable universe.
The Machian space quantum of a massive particle ap-
pears to be point-like, since it has a point-like charged
centre, but the mass of the particle is actually distributed
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throughout the Machian strings. Newtonian gravity is
due to the energy in the direct strings joining the cen-
tres of two masses and dark matter effects are attributed
to the interactions between the Machian strings joining
their centres to the centres of all the other masses in
the Universe. The purpose of the present paper is to
show that the Machian string model can solve the miss-
ing mass problem, without dark matter, in both galaxies
and galaxy clusters.
FIG. 1: Schematic diagram of the Machian strings of the gas
particles in the bullet cluster. The centres of the galaxy distri-
butions are shown by the green dots. The Machian strings of
the gas particles in the clusters on the left and right are shown
in red and blue, respectively, and the dashed black lines show
their positions before the gas centres were displaced. The
Machian strings of the gas particles are still centred on the
galaxies, even when the gas particle centres are displaced in-
wards. The gravitational lensing is therefore centred on the
galaxies, as observed, even though there is much more mass
in the gas.
To explain the experimental data for galaxy clusters
using the Machian string model, two new concepts are
required. Firstly, to obtain a sufficiently large additional
acceleration, it is necessary to assume that all the mass
of a Machian space quantum is in the Machian strings.
Secondly, it is necessary to consider the effect of align-
ment of the direct strings. The new model is discussed in
Section II and applied to the Coma cluster in Section III.
The model of Machian space quanta can easily account
for the bullet cluster observations, at least qualitatively,
by considering the Machian strings of the gas particles.
During the collision between the two galaxy clusters in
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2the system, the gas particle centres were displaced rela-
tive to the galaxy centres by the electromagnetic inter-
action, as illustrated schematically in Figure 1. Since
Machian strings are not charged, the entire length of the
Machian strings was unaffected apart from small sections
at the ends where the strings join on to the centres of
the gas particles. The observational result that the grav-
itational lensing is centred on the galaxies is then easy
to understand because most of the lensing effect comes
from the interaction with the Machian strings of the gas.
Detailed calculations for the bullet cluster are given in
Section IV.
II. THE MACHIAN STRING MODEL
A. The nature of Machian strings
The analysis of the Coma cluster in Section III below
shows that the Newtonian gravitational acceleration in
the cluster is about 0.1a0 whereas the acceleration needed
to hold the cluster together is about a0. The maximum
additional acceleration in the model considered in [6] is
only about 0.2a0, which is clearly too small. However,
the calculations were based on the assumption that only
about 8% of the total mass of a particle is in the strings.
If the fraction of mass in the strings is actually higher
then the strings would have higher energies and would ex-
ert greater forces on the centres of a test particle, leading
to a larger additional acceleration. The simplest possibil-
ity from a conceptual point of view is that all the mass
of a space quantum is in the strings, with none at the
centres. The calculations in the present paper are based
on the assumption that all the mass of a space quantum
is indeed in the strings.
With much larger additional accelerations from the in-
teractions between Machian strings, it is important to
reconsider the constraint imposed by the absence of dark
matter effects in the Solar System. As noted in [6], the
experimental data puts a limit on any additional grav-
itational acceleration in the Solar System at the orbit
of Saturn of about 7.5 × 10−5 a0. A specific model, de-
fined by specifying a particular form for the interaction
between Machian strings, that agrees with MOND in a
galaxy and gives an additional acceleration of order a0 in
a galaxy cluster while still respecting the Solar System
constraint is described in Appendix A. The resulting ad-
ditional acceleration due to a point mass M is shown in
Figure 2, which is an updated version of Figure 3 in [6].
It is important to note that Figure 2 gives the addi-
tional acceleration in a system of any total mass whatso-
ever, whether the system is a planet, the Sun or a galaxy,
provided the system may be considered to be a point
mass. In fact, Figure 2 applies even more generally be-
cause, even for an extended system such as a galaxy clus-
ter, the Machian strings are all pulled inwards to the cen-
tre of the system by their mutual interaction. Thus, even
though the particle centres may be highly delocalised,
the distribution of Machian strings around them is al-
most the same as if the particle centres were all at a
point. Since the additional acceleration on a test mass is
FIG. 2: The additional acceleration on a test particle, due
to the interaction with the Machian strings of a point mass
M , for the interaction function considered in Appendix A.
The acceleration is plotted in units of a0 as a function of
r/Rg, where Rg is the distance from the mass M at which the
Newtonian gravitational acceleration is equal to a0. All the
mass of a space quantum is now assumed to be in the strings,
in contrast to the model discussed in [6], so the maximum
additional acceleration is much larger.
determined by its interaction with the Machian strings,
the additional acceleration is still given by Figure 2. The
only variable is the length scale Rg which, for a system
of total mass M , is given by [6] Rg = 0.32RU
√
M/MU .
B. The alignment of direct strings
A new effect that appears when the mass distribution
is both delocalised and very massive is the alignment of
direct strings. The energy in the direct strings joining
the centres of a mass M and a test mass m is respon-
sible for the usual Newtonian gravitational interaction,
as described in [6]. When all the centres of M are at a
point, or when the test mass is sufficiently distant, all
the direct strings lie along the line of centres and the
total force exerted by the strings is the Newtonian gravi-
tational force, GMm/r2. Now consider the direct strings
joining a test mass to the centres of a galaxy cluster. Just
as the interaction of the Machian strings of the cluster
with each other causes the Machian strings to be pulled
inwards, the interaction between the Machian strings of
the cluster and the direct strings joining the cluster and
the test mass causes the direct strings to be pulled to-
wards the line of centres. The total force exerted by the
direct strings is then larger than the Newtonian gravita-
tional force, because the forces in the strings all act in
the same direction. The effect of direct string alignment
on galaxy rotation curves is discussed in Appendix B.
3III. THE COMA CLUSTER
A. The missing mass problem
Measurements of the X-ray emission from the Coma
cluster [7] show that the gas density has the form
ρ(r) = ρ0
(
1 +
r2
r2c
)−3β/2
, (1)
where ρ0 is the central mass density, rc = 0.42/h50 Mpc
is the core radius and β = 0.75. Taking h50 = 1.4, corre-
sponding to H = 70 km/s/Mpc, gives rc = 300 kpc. The
central electron density is ne = 2.9 × 10−3
√
h50 cm
−3.
For an ionised gas containing hydrogen and 10% he-
lium, the corresponding central mass density is ρ0 =
6.7× 10−24 kg/m3 = 1.0× 105M/kpc3.
The inward acceleration required to keep the gas in
hydrostatic equilibrium is given by
a(r) = − 1
ρ(r)
dp(r)
dr
, (2)
where p(r) is the gas pressure. The ideal gas law gives p =
ρkT/m where the average particle mass, m, is 0.61 times
the proton mass. The gas is approximately isothermal,
with temperature kT = 8.6 keV [8], so (2) becomes
a(r) = − kT
mρ(r)
dρ(r)
dr
(3)
and substituting for ρ(r) from (1) then gives
a(r) =
3βkT
m
r
r2 + r2c
. (4)
The constant 3βkT/m is equal to 3.0×1012 m2/s2, which
may be written as 800a0 kpc, so if r and rc are in units
of kpc then
a(r)
a0
=
800 r
r2 + r2c
. (5)
The function (5), which has a maximum of 1.3 at r = rc,
is plotted in Figure 3.
The Newtonian gravitational acceleration correspond-
ing to the gas density ρ(r) is given by gN (r) = GM(r)/r
2,
where M(r) is the mass enclosed within a radius r, so
gN (r) =
4piGρ0
r2
∫ r
0
s2
(
1 +
s2
r2c
)−3β/2
ds . (6)
The constant 4piGρ0 is equal to 5.6 × 10−33 s−2, which
may be written as 1.4 × 10−3 kpc−1a0. Thus, with dis-
tances measured in kpc,
gN (r)
a0
=
1.4× 10−3
r2
∫ r
0
s2
(
1 +
s2
r2c
)−3β/2
ds . (7)
The acceleration (7) is also plotted in Figure 3. The huge
difference between the Newtonian gravitational accelera-
tion and the acceleration needed to keep the cluster gas
in hydrostatic equilibrium illustrates the magnitude of
the missing mass problem in galaxy clusters.
FIG. 3: The acceleration needed to keep the gas in hy-
drostatic equilibrium in the Coma cluster compared to the
Newtonian and MOND gravitational accelerations. The ac-
celeration is plotted in units of a0 as a function of log r, where
r is the distance from the centre of the cluster in kpc.
B. The failure of MOND
Figure 3 shows that the required gravitational acceler-
ation in a galaxy cluster is of order a0, whereas the New-
tonian gravitational acceleration, gN , is at most 0.1a0.
The regime gN  a0 is known as the deep MOND regime
and the MOND acceleration then has to take the form
gM =
√
a0gN to give a good fit to galaxy rotation curves.
Since the largest value of gN is about 0.1a0, the largest
value of gM is about 0.3a0, which is still three times too
small. More precisely, the MOND gravitational accelera-
tion, gM , is defined by the equation gN = gMµ(gM/a0),
where the interpolating function µ(x) is equal to 1 when
x 1 and x when x 1. Solving for gM for the partic-
ular choice µ(x) = x/
√
1 + x2 [9] gives
gM (r) = gN (r)
√√√√1
2
+
√
1
4
+
( a0
gN (r)
)2
. (8)
The acceleration (8) corresponding to the Newtonian ac-
celeration (7) is shown in Figure 3.
C. Machian strings in the Coma cluster
As discussed in Section II, all the Machian strings are
pulled in to the centre of the cluster and the cluster
may be treated as a point mass for the purpose of cal-
culating the additional acceleration due to the Machian
strings. The additional acceleration is therefore given
by the green curve in Figure 2, where the length scale
Rg = 0.32RU
√
M/MU is determined by the total mass,
M , of the cluster. The density (1) has to be truncated
at some radius rt to obtain a finite total mass, so the to-
tal mass is sensitive to the choice of rt. Observations [7]
show that rt is at least 3 Mpc and an upper limit can
be obtained [10] by taking the period of circular orbits
at the radius rt as an estimate of the time needed to es-
tablish hydrostatic equilibrium. The acceleration (5) at
4the radius rt  rc is approximately 800a0/rt and the
corresponding orbital period is 3.6(rt/kpc)Myr. The age
of the Universe is about 1.4 × 104 Myr, which suggests
that rt cannot be much larger than about 4 Mpc. Taking
rt = 4 Mpc gives a total mass of gas in the Coma clus-
ter of about 2.6× 1014M. The length scale Rg is then
614 kpc, taking RU = 3.6 × 1026 m and MU = 1022M.
The green curve in Figure 2 is replotted as a function of
log r in Figure 4.
FIG. 4: The contributions to the total acceleration on a test
particle in the Coma cluster in the Machian string model.
The contribution from the Machian strings, shown in green,
is obtained by replotting the green curve in Figure 2 as a
function of log r.
The contribution to the additional acceleration from
the alignment of direct strings was calculated using the
method described in Appendix B, by first assuming com-
plete direct string alignment and then including the fac-
tor (B15) to ensure that the additional acceleration tends
to zero at the centre of the cluster. The choice rd = rc/5
gives the curve shown in blue in Figure 4 and the total
acceleration is seen to give a very good fit to the acceler-
ation required to hold the gas in hydrostatic equilibrium.
IV. MACHIAN STRINGS IN THE BULLET
CLUSTER
The bullet cluster system consists of two galaxy clus-
ters that collided and passed through each other millions
of year ago. During the collision, the electrically charged
gas particles were slowed down more than the neutral
atoms in the galaxies and the centres of mass of the gas
and galaxy distributions became separated. Measuring
the intensity of the X-ray emission from different parts
of the cluster allows the surface density of gas in the clus-
ter, i.e. the projection of the gas density onto the plane
perpendicular to the line of sight, to be determined. The
surface mass densities due to the gas and the galaxies,
from the data in [5], are shown in profile in Figure 5.
The system is completely dominated by the gas in the
two clusters and it may be seen that the peaks of the gas
densities are indeed closer to the centre of the system
than the peaks of the galaxy densities.
FIG. 5: The surface density profiles of the gas and galaxy
distributions in the bullet cluster from the data given in [5].
The main cluster is on the left and the subcluster is on the
right. The β model fit to the gas density, shown in black, is
discussed in the main text.
FIG. 6: The profile of the κ map for the bullet cluster from
the data given in [5].
The gravitational mass density in the bullet cluster can
be determined by studying the gravitational lensing effect
of the cluster on the images of background galaxies [5].
The lensing effect is described by a quantity known as
the lens convergence, κ, and the κ map is proportional
to the gravitational surface mass density, as explained
in Appendix C. The κ map profile is shown in Figure 6.
Comparison with Figure 5 shows that the peaks of the κ
map, and hence the gravitational mass density, coincide
with the peaks of the galaxy density and not with the
peaks of the much larger gas density.
To calculate the κ map in the Machian string model
it is necessary to calculate the effective gravitational sur-
face mass density corresponding to the gas density profile
shown in Figure 5. The total gas density may be consid-
ered as the sum of two separate gas densities, namely a
main cluster gas density associated with the peak on the
left in Figure 5 and a subcluster gas density associated
with the peak on the right. For simplicity, the interaction
between the Machian strings of the main cluster and the
Machian strings of the subcluster will be ignored, so that
the contributions to the κ map due to each cluster may
be calculated separately and added together.
The gas density shown in Figure 5 may be modelled
5as the sum of two β model gas densities, one centred
on each peak, of the form (1). It is known that a three
dimensional gas density of the form (1) gives a projected
surface mass density of the form
Σ(r) = Σ0
(
1 +
r2
r2c
)−(3β−1)/2
, (9)
where Σ0 is related to ρ0 by the equation [11] Σ0 =√
piρ0rcΓ(3β/2−1/2)/Γ(3β/2). The fit shown to the pro-
file in Figure 5 has Σ0 = 2.3×108M/kpc2, rc = 270 kpc
and β = 0.78 for the main cluster and Σ0 = 1.2 ×
108M/kpc2, rc = 100 kpc and β = 1 for the subcluster.
The corresponding values of ρ0 are 3.3 × 105M/kpc3
and 6.1× 105M/kpc3, respectively.
As for the Coma cluster discussed in Section III C, the
acceleration due to the Machian strings for a given cluster
is given by the green curve in Figure 2. The acceleration
due to aligned direct strings for each cluster is given by
equation (B2) in Appendix B, and the factor (B15) is
again included to ensure that the additional acceleration
tends to zero at the centre of the cluster.
Having calculated the additional accelerations towards
the two clusters, it remains to calculate the correspond-
ing effective gravitational mass densities. The gravita-
tional mass density, ρg(r), corresponding to an accelera-
tion a(r) is defined as the mass density that would give
the acceleration a(r) in Newtonian gravity. If Mg(r) is
the effective gravitational mass enclosed within a radius
r then a(r) = GMg(r)/r
2 and dMg(r)/dr = 4pir
2ρg(r),
so
ρg(r) =
1
4piGr2
d
dr
[r2a(r)] . (10)
If a(r) is in units of a0 and distances are in units of kpc
then, in units of M/kpc3,
ρg(r) =
7.1× 107
r2
d
dr
[r2a(r)] . (11)
The projected effective gravitational mass density, Σg, is
given by
Σg(r) =
∫
ρg(
√
r2 + z2) dz (12)
and dividing by 3 × 109M/kpc2, according to equa-
tion (C2), then gives the contribution to the κ map.
The fit to the data shown in Figure 7 was obtained
for total masses of the main cluster and the subcluster
of 1.5 × 1014M and 2.7 × 1013M, respectively, cor-
responding to rt = 1000 kpc for the main cluster and
rt = 5000 kpc for the subcluster. The contributions from
the aligned direct strings were calculated using rd = rc/2
for both clusters and the total κ map is seen to be in good
agreement with the experimental data.
V. CONCLUSION
The model of Machian space quanta is able to solve
the missing mass problem in galaxies and galaxy clusters,
without dark matter, if all the mass of a space quantum
is assumed to be in the Machian strings.
FIG. 7: The observed κ map for the bullet cluster from
Figure 6 and the contributions to the κ map in the Machian
string model. The contributions from the Machian strings are
shown in green and the contributions from the aligned direct
strings are shown in blue.
Appendix A: The interaction between Machian
strings
The purpose of the calculations below is to show ex-
plicitly how to obtain the MOND acceleration in a galaxy
and a much larger acceleration in a galaxy cluster with-
out the acceleration in the Solar System becoming larger
than the observational limit.
It is convenient to introduce the radial coordinate
ρ, defined by r = ρRU
√
M/MU , so that the ratio
u = (GM/r2)/(GMU/R
2
U ) of the density of Machian
strings around a mass M to the density of background
strings is given by u = 1/ρ2. The MOND acceleration
required to account for galaxy rotation curves is then√
(GM/r2)a0 =
√
0.1u a0 = 0.32 a0/ρ. The first require-
ment of the additional acceleration in the string model is
therefore
a(ρ)
a0
∼ 0.32
ρ
as ρ→∞ . (A1)
As in [6], the interaction between Machian strings is spec-
ified by an interaction function f(u) that gives the frac-
tional increase in mass per unit length in the Machian
strings of a test mass due to the presence of a mass M .
Consider a generalisation of the function f(u) of the form
f(u) =
A(a
√
u+ bun)
1 + a
√
u+ bun
, (A2)
where A, a, b and n are parameters to be determined.
The function (A2) is approximately Aa
√
u in the limit
u  1 and gives an additional acceleration proportional
to
√
u for u  1, as required for galaxy rotation curves.
In the limit u  1, f(u) is approximately 1 − 1/(bun).
Since a constant increase in mass per unit length of the
strings gives no additional forces, the interaction is equiv-
alent to −1/(bun) and an additional acceleration propor-
tional to 1/un is expected.
6In [6], two ways were given to calculate the additional
acceleration. The first was based on a calculation of the
total interaction energy and the second was based on
numerical calculations of the string paths and the asym-
metry of the strings at the centres.
Consider, first, the total interaction energy. In the
limit ρ >> 1, the deflection of the Machian strings is very
small and may be ignored as far as the calculation of the
total energy is concerned. Equations (I5) and (I39) of [6]
then give, for the total interaction energy in the Machian
strings of a test mass m,
∆E(ρ) ≈ κmc
2
RU
∫ RU
0
ds
∫ pi
0
dθ sin θ f [u(|x− xM |)] , (A3)
where xM is the position vector of the centre of M rela-
tive to the centre of m, x and x − xM are the positions
vector of a point on one of the strings of m relative to
the centres of m and M , respectively, and s = |x|. All
the mass is now assumed to be in the strings, so κ = 1.
The integral (A3) can be evaluated more easily by writ-
ing it as an integral over all space. The volume element
is d3x = s2 sin θ dsdθdφ, so
∆E(ρ) ≈ mc
2
2piRU
∫
d3x
|x|2 f [u(|x− xM |)] (A4)
and changing the origin to the centre of M then gives
∆E(ρ) ≈ mc
2
2piRU
∫
d3x
|x + xM |2 f [u(|x|)] . (A5)
After writing the integration variable in units of
RU
√
M/MU , equation (A5) becomes
∆E(ρ) ≈ mc2
√
M
MU
∫ √MU
M
0
∫ pi
0
x2dx sin θdθ
x2 + 2ρx cos θ + ρ2
f [u(x)]
=
mc2
ρ
√
M
MU
∫ √MU
M
0
x ln
( x+ ρ
|x− ρ|
)
f [u(x)] dx .
(A6)
For a point mass M , u(x) = 1/x2. Now consider the
limit ρ  1, corresponding to u << 1. Then f(u) ≈
a
√
u ≈ Aa/x, so
∆E(ρ) ≈ Aamc
2
ρ
√
M
MU
∫ √MU
M
0
ln
( x+ ρ
|x− ρ|
)
dx
=
Aamc2
ρ
√
M
MU
[
(x+ ρ) ln(x+ ρ)
−(x− ρ) ln(|x− ρ|)
]√MU
M
0
. (A7)
Expanding in powers of ρ then gives, for ρ 1,
∆E(ρ) ≈ 2Aamc2
√
M
MU
[
ln
√
M
MU
ρ
+ 1 +O(ρ2)
]
(A8)
and the corresponding acceleration, given by (I42) in [6],
is
a =
1
m
d∆E
dr
≈ −2Aa
ρ
c2
RU
=
5Aa
ρ
a0 . (A9)
Comparison with (A1) shows that the parameters A and
a are required to satisfy the equation
Aa = 0.064 . (A10)
The additional acceleration can also be found by calcu-
lating the asymmetry in the Machian strings at the centre
of m numerically and multiplying by the string tension,
as described in Appendices I1 and I2 of [6]. A program
was written to calculate the asymmetry in the Machian
strings for an interaction function of the form (A2), for
different values of the parameters A, a, b and n [12]. The
numerical calculation confirms the result (A9) in the limit
ρ 1. For the limit ρ 1, the exponent n must be large
enough so that the additional acceleration decreases to
zero sufficiently rapidly as ρ tends to zero, in order to sat-
isfy the Solar System constraint. The value n = 3/2 was
found to be sufficient and the corresponding acceleration
is given by
a ≈ 4ρ
3
b
a0 . (A11)
According to [13], the absence of dark matter effects in
the Solar System implies that any additional accelera-
tion is smaller than 7.5 × 10−5 a0 at the radius of Sat-
urn. Taking u ≈ 4.4 × 105 at the radius of Saturn,
the corresponding limit on b is b > 1.8 × 10−4. Fig-
ure 2 shows the additional acceleration as a function of
ρ when A = 0.6, a = 0.1, b = 0.005 and n = 1.5. With
GMU/RUc
2 = 0.1 a0 [6], ρ is related to the ratio r/Rg
defined in Figure 2 by ρ = 0.32 r/Rg.
Appendix B: Direct string alignment
Consider the gravitational acceleration exerted on a
test mass m at r by a mass distribution ρ(r′), of total
mass M , due to the direct strings joining them. If the
direct strings are all straight then the force between the
mass m and a mass element ρ(r′) d3r′ of M is in the
direction r′−r, as in Newtonian gravity, and the resulting
gravitational acceleration is the Newtonian gravitational
acceleration given by
aN (r) =
∫
Gρ(r′)
|r− r′|2 cosα d
3r′ , (B1)
where cosα is the projection along the line of centres and
α is the angle indicated in Figure 8.
Due to the interaction the with Machian strings of M ,
the direct strings are pulled in towards the line of centres.
Consider, first, the limiting case of complete alignment,
so that all the direct strings are aligned parallel to the
line of centres when they join on to m. Putting α =
0 in (B1), the gravitational acceleration in the case of
complete direct string alignment is
a(r) =
∫
Gρ(r′)
|r− r′|2 d
3r′ . (B2)
If the mass distribution of M is spherically symmetric,
7FIG. 8: The geometry for calculation of the gravitational
acceleration exerted by the direct strings connecting a test
mass m to a mass distribution M . The direct string joining
the mass m to the mass element ρ(r′) d3r′ is along the vector
r′ − r when the string is straight.
so that ρ(r′) = ρ(r′), then (B2) becomes
a(r) = 2piG
∫ ∫
r′2ρ(r′) dr′dcosθ
r2 − 2rr′ cos θ + r′2
=
2piG
r
∫
ρ(r′) r′ ln
r + r′
|r − r′| dr
′ . (B3)
In the limit when M is a point mass, or when the dis-
tance r between the two masses is much larger than the
size of the mass distribution of M , (B3) reduces to the
Newtonian gravitational acceleration GM/r2.
It is of interest to investigate the effect of complete
direct string alignment on galaxy rotation curves. If the
galaxy is modelled as a two-dimensional exponential disc
with scale height hd, so that the surface mass density of
the disc at a radius r is proportional to e−r/hd , then it is
a standard result [14] that the velocity rotation curve in
Newtonian gravity is given by
v2(r) =
GM
hd
x2
2
[
I0
(x
2
)
K0
(x
2
)
− I1
(x
2
)
K1
(x
2
)]
,
(B4)
where M is the total mass of the disc, x = r/hd and I
and K are Bessel functions.
Now consider the gravitational acceleration due to an
exponential disc in the aligned direct string model. The
integral (B2) actually diverges for an infinitely thin two
dimensional disc so the exponential disc is defined as a
uniform volume density, ρ, for 0 ≤ z ≤ h0e−r/hd , where
z is the distance normal to the plane of the disc and h0
is the central thickness. The total mass of the disc is
then M = 2piρh0h
2
d so (B2) becomes, in cylindrical polar
coordinates,
a(r) =
GM
2pih0h2d
∫ ∞
0
s ds
∫ 2pi
0
dθ
∫ h0e−s/hd
0
dz
r2 − 2rs cos θ + s2 + z2 .
(B5)
The integral over θ may be performed using [15]∫ 2pi
0
dθ
a+ b cos θ
=
2pi
a2 − b2 (B6)
to give
a(r) =
GM
h0h2d
∫ ∞
0
s ds
∫ h0e−s/hd
0
dz√
(r2 + s2 + z2)2 − 4r2s2 .
(B7)
Interchanging the order of integration gives
a(r) =
GM
h0h2d
∫ h0
0
dz
∫ hd ln(h0/z)
0
s ds√
(r2 + s2 + z2)2 − 4r2s2
(B8)
and changing variables from s to x = s2 then gives
a(r) =
GM
2h0h2d
∫ h0
0
dz
∫ [hd ln(h0/z)]2
0
dx√
(x+ r2 + z2)2 − 4xr2 .
(B9)
The inner integral may be evaluated using [16]∫
dx√
a+ 2bx+ x2
= ln
(√a+ 2bx+ x2 + x+ b√
a− b2
)
(B10)
to give
a(r) =
GM
2h0h2d
∫ h0
0
dz F (z) , (B11)
where the function F (z) is defined by
F (z) = ln
[√(xd + r2 + z2)2 − 4xdr2 + xd + z2 − r2
2z2
]
(B12)
and xd = [hd ln(h0/z)]
2. The corresponding rotational
velocity, v(r), is defined by a(r) = v(r)2/r. The numer-
ical integration of (B11) is simplified by the change of
variables from z to the dimensionless variable y defined
by y = (hd/h0) ln(h0/z). The formula for v(r) is then
v(r)2 =
GM
hd
h0r
2h2d
∫ ∞
0
dy G(y) (B13)
where G(y) is given by
G(y) = ln
[√(y2 + r˜2 + z˜2)2 − 4y2r˜2 + y2 + z˜2 − r˜2
2z˜2
]
,
(B14)
with r˜ = r/h0 and z˜ = z/h0.
The functions (B4) and (B13) are plotted in Figure 9
for an exponential disc of mass M = 1010M and scale
height hd = 1 kpc, for different values of the central thick-
ness, h0. At large radii, the rotation curves are seen to
be almost identical to the Newtonian rotation curve. The
complete alignment of direct strings does has a significant
effect at small radii, particularly for thin discs.
The assumption of complete direct string alignment,
on which equation (B13) is based, is only an approxima-
tion. Indeed, the integral (B2) tends to a non-zero limit
8FIG. 9: The rotation curve for an exponential disc of mass
M = 1010M and scale height hd = 1 kpc in Newtonian grav-
ity and in the aligned direct string model. The rotation curve
in the aligned direct string model is shown for three values of
the central disc thickness. The highest curve corresponds to
h0 = 1 kpc, the middle curve corresponds to h0 = 6 kpc and
the lowest curve corresponds to h0 = 20 kpc.
as r → 0, whereas the actual acceleration must tend to
zero at the origin by symmetry. Further work to calcu-
late the precise configuration of direct strings is therefore
needed. In the present paper, the requirement that the
alignment of direct strings must tend to zero as r → 0
is incorporated by hand, by first calculating the addi-
tional acceleration in the limiting case of complete direct
alignment and then multiplying the resulting additional
acceleration by a function of the form
r
r + rd
, (B15)
for some length scale rd, which tends to zero linearly as
r → 0 and tends to unity as r → ∞. The length scale
rd is expected to be the same order of magnitude as the
characteristic size of the system under consideration, but
is otherwise treated as a free parameter.
Appendix C: Gravitational lensing
The standard theory of gravitational lensing (see
e.g. [17]) is summarised here for completeness. The
derivation is based on the result that the gravitational
deflection of a light ray passing at a distance d from
a mass M is twice the Newtonian prediction, namely
4GM/dc2, and therefore applies equally well to the the-
ory of Machian space quanta as to the standard theory
based on General Relativity.
Consider a source at a distance Ds and a gravitational
lens at a distance Dl. If the lens deflects a beam of
light from the source through an angle α˜ then, by simple
trigonometry, the image appears to be deflected through
an angle α = Dlsα˜/Ds, where Dls is the distance from
the lens to the source. The apparent angular position of
the source is therefore θ = β + α, where β is the angular
position of the source in the absence of the lens. The
deflection angle is a function of the angle θ in the lens
plane, so β = θ − α(θ). The gravitational deflection of
a light ray passing at a distance d from a mass M is
α˜ = 4GM/dc2 so, for a lens with projected surface mass
density Σ,
α(x) =
4GDls
c2Ds
∫
(x− x′) Σ(x′)
|x− x′|2 d
2x′ , (C1)
where x is the two-dimensional position vector in the lens
plane. The lens convergence, κ, is defined by
κ(θ) ≡ 1
2
(∂αx
∂θx
+
∂αy
∂θy
)
=
2GD
c2
∇2
∫
Σ(x′) ln |x− x′| dx′
=
4piGD
c2
Σ(x)
≡ Σ/Σc , (C2)
where D ≡ DlsDl/Ds and the critical surface density,
Σc, is
Σc =
c2
4piGD
≈ 1.6× 109
(1Gpc
D
)
M/kpc2. (C3)
For the bullet cluster, D ≈ 540 kpc so Σc ≈ 3 ×
109M/kpc2.
[1] F. Zwicky, Ap. J. 86, 217 (1937).
[2] S. D. M. White et al., Nature 366, 429 (1993).
[3] M. Milgrom, Astrophys. J. 270, 365 (1983).
[4] S. S. McGaugh (2011), arXiv:1102.3913.
[5] D. Clowe et al., Ap. J. Lett. 648, L109 (2006), astro-
ph/0608407.
[6] D. W. Essex (2015), arXiv:1502.00660.
[7] U. G. Briel, J. P. Henry, and H. Bo¨hringer, Astron. As-
trophys. 259, L31 (1992).
[8] M. Arnaud et al., Astron. Astrophys. 365, L67 (2001).
[9] M. Milgrom, Astrophys. J. 270, 371 (1983).
[10] L. S. The and S. D. M. White, Astron. J. 95, 1642 (1988).
[11] J. R. Brownstein and J. W. Moffat, MNRAS 382, 29
(2007), ast-ph/0702146.
[12] The programs are available at www.ross-evans.co.uk.
[13] N. P. Pitjev and E. V. Pitjeva (2013), arXiv:1306.5534.
[14] K. C. Freeman, Ap. J. 160, 811 (1970).
[15] I. Gradshteyn and I. Ryzhik, Table of Integrals, Series,
and Products (Academic Press, 2007), formula (3.613).
[16] I. Gradshteyn and I. Ryzhik, Table of Integrals, Series,
and Products (Academic Press, 2007), formula (2.261).
[17] J. A. Peacock, Cosmological Physics (Cambridge Univer-
sity Press, 2003), chapter 4.
